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1. INTRODUCTION 
In the year 1917, Miiller [4] gave an example of a continuous function f, 
defined on the infinite strip 
O<t<l, -cc<<x<+co, 
whose (Picard) sequence of successive approximations does not converge to 
a solution of the initial-value problem 
y = f (t, x(t)), O<t<l, 
x(0) = 0. 
(Miiller’s example may also be found in Coddington and Levinson [l], 
p. 53.) Necessarily, this function will not satisfy a Lipschitz condition with 
respect to its second argument. In spite of this, the initial-value problem has 
a unique solution (since Miiller’s function is nonincreasing with respect to 
the second variable). 
Upon closer examination another interesting fact emerges concerning 
Mtiller’s example. The sequence of successive approximations has exactly 
two distinct cluster points (or, subsequential limit points) a and b. 
* The research of the authors was supported in part by the Air Force Office of 
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These cluster points satisfy the coupled system 
F = f(t, b(t)) 
+y = f(t, u(t)), o<t<1, 
a(0) = b(0) = 0. 
The main question to be considered in the present paper is-in what way 
does this relationship of the cluster points in Miiller’s example typify a more 
general situation in successive approximations ? 
Until recently, research dealing with sequences of successive approxima- 
tions has centered about the convergence of such sequences. In [2], [3], 
Diaz and Metcalf considered certain questions concerning the structure of 
the set of subsequential limit points of successive approximations. This 
general line of investigation will be continued here, but with attention focused 
on the behavior of the cluster points under the mapping defining the succes- 
sive approximations. 
The following notations and assumptions will be used throughout. Let (1) 
Y be a metric space, with the distance function denoted by d; (2) T be a 
continuous function on Y into Y; (3) {xn}~=,, be the sequence of successive 
approximations given by x,,, = TX,, , z = 0, I,..., where x0 is a given element 
of Y (i.e., x, = TnxO is the n-th iterate, under T, of x0); (4) 9 denote the 
cluster set of {xn}z=s (i.e., the set of all subsequential limit points of (x~}~=,,); 
(5) V{X~}~=, denote the range of the sequence {xJz==, . It is assumed throughout 
that X = V(x,,} u 9 is a (sequentially) compact subset of Y. 
Frequent use will be made of the following basic results. They are given 
here for the sake of completeness. 
(i) The cluster set of any sequence in a metric space is closed (see 
Rudin [5]). 
(ii) If 0 is an open set containing the cluster set of a sequence {x~}:-,, , 
in a compact metric space, then there exists a trapping integer N with the 
property that 1z > N implies x, E 0. 
(iii) TL? = 9. 
Proof. In order to show that 9 _C TS, let a E 9 and lim,,, xns = a. 
Consider the sequence {x~,-~}~=~ . By compactness, there exists an element 
b E 9 such that, for some subsequence (x(~,-~),};=~ , one has 
lim z+m %k-l)L = 6. Applying T, it follows that lim,,, xcrt,-r) 1+1 = Tb; and 
hence, a = Tb, so that PEP C TF’. The other containment IS straightforward. 
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2. THE MAIN RESULT 
The following theorem serves as the major tool to be used in obtaining 
more specific information on the cluster set 9. In the statement of the theo- 
rem, S isolated (with respect to 3) means that S C 3’ is contained in an open 
subset of Y which is disjoint from 9 - S. 
THEOREM 1. If S is a nonempty, proper, closed, and isolated subset of 9, 
then TS CL S. 
Proof. It will first be shown that 3’ - S is compact. Let U be an open 
subset of Y such that SC U and U n (9 - S) = 4; and let {yn}L, be a 
sequence in 9 - S. Since 9 is compact, there is a subsequence {ynk};el 
converging to a pointy E 9. Suppose, contrary to what is to be proved, that 
y E S. Since U is open and limk,,z Y,,~ = y, it follows that ynk E U for all k 
sufficiently large. But ynk E Y - S for k = 1, 2,..., which yields the contra- 
diction. Hence, y E 9 - S and 9 - S is compact. 
Let U and V be open sets containing S and 6e - S, respectively, and such 
that d(U, V) > 0; and, for E > 0, let S(E) b e as in the uniform continuity of T. 
For each s E S, choose an open sphere Cl, C U, centered at s, and having 
radius Us < S(d(U, If)). Since S is compact, there exists a finite subcovering 
{U~/‘si}~l of S. Let 0 = ULi Usi , so that d(0, V) > d(U, V) > 0. Finally, 
let K be a trapping integer with respect to 0 u L’. 
Suppose now that the conclusion of the theorem does not hold, i.e., that 
TS C S. Choose k > K such that xk E Us, . Then, by the uniform continuity 
of T, and the fact that radius UT, < 6(d(U, V)), one has 
d(Ts, , xli+J = d(Ts, , TX,) < d(U, V) d d(0, V); 
and hence, xkfl E 0. Continuing inductively one finds that xi E 0 for 
i = k, k + l,... . But this contradicts the hypothesis that 9 - S f 4. Hence, 
for some s E S, Ts 4 5’; that is, TS $ S. 
Several corollaries follow immediately. They yield information concerning 
the fixed points of T which belong to 9, and the structure of 3’ in the event 
that 3’ is finite. 
COROLLARY 1. If L? contains more than one point, then 0 cannot contain 
any set of $xed points which is isolated with respect o 9. 
COROLLARY 2. If 9 isjnite, then 3 contaimjxedpoints of T if and only if 
9 contains exactly one element. 
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COROLLARY 3. A finite cluster set, JZ = {ai}L1 , can be arranged cyclically 
under T as follows : 
Ta, = a2 , Ta, = a3 ,..., Ta,,-, = a, , Ta, = a, . 
Proof. Suppose, without loss, that n > 1. Let K be the largest integer 
such that 1 < K < n - 1 and the points a,, TaI ,..., Tka, are distinct. If 
R = n - 1, then the desired result follows by a rearrangement of 
al , a2 ,..., a, . Suppose, then, that k < n - 1. From this assumption it follows 
that Tkfla, = Tia 19 for some integer i satisfying 0 < i < k < n - 1; 
which implies that {T7~a,}~=, is a nonempty, proper, closed, and isolated 
subset of {a,}~=, which is mapped into itself under T. However, this 
contradicts Theorem 1, and hence k = n - 1. 
3. EXAMPLES 
While Miiller’s example (see Section 1) has served as partial motivation 
for the present investigation, there are simpler geometric examples (in the 
plane) which may be used to illustrate the present situation. Several such 
examples will now be considered. 
(i) A simple geometric example which yields two cluster points, as in 
Miiller’s example, is the following. Let 
Y = [- 2, - l] u [l, 21, 
Tx = i - 4 (x - I>, x E [- 2, - 11, 
I- j-(x + l), XE [L 21, 
and x,, = - 2. Then 
Tnq, = (- l)n+l (1 + f) , n = 0, 1, 2 ,..., 
and 2 consists of the two cluster points - 1 and + 1. As expected, one 
has 
T(1) = - 1 and T(- 1) = + 1. 
However, unlike Miiller’s example, this example has the property that 
2 B wk>. 
(ii) This example illustrates the case in which 2 consists of a countable 
409/31/I-I4 
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infinity of points, with exactly one fixed point in 9. The mapping T is 
defined on a grid of points in the plane, as follows: 
- (0, l/2) ... 
(0, :,27 ... 
(0, l/23) ... 
(0, l/23 ..’ 
A 
__ (l/24, l/2) - (1123, l/2) - (l/2”, l/2) - (l/2, l/2) 
(I/2&22) (l/23! l/2”) 
! 
(1,2’1,22) / 
(1,24,T1,23) (li23:lj23) 
, (1/24tl,24)v 
where T(0, 0) = (0,O). Taking this grid of points to be the space E; (with 
the usual Euclidean distance), it is easily seen that T is continuous on I’. 
The cluster set of the sequence {Tn($ , $)}zc=l is given by 
2 = ((0, O)} u ((0, l/2’“) : m = 1, 2 ,... }. 
The point (0,O) is the only fixed point of T. Finally, it should be noticed 
that, as predicted by Theorem 1, there is no nonempty, proper, closed, and 
isolated subset of 9 which is mapped into itself under T. 
(iii) An example of an uncountably infinite cluster set can be constructed 
using the function sin(l/x), 0 < x < 1. However, the details will not be 
carried out here. 
4. THE DERIVED SET OF THE CLUSTER SET 
In order to obtain further information about 9, in the case when 9 is 
infinite, one may investigate the derived set 3’ (the set of accumulation 
points of 9). Notice that, in example (ii) above, 3” consists of a single point 
which is also a fixed point of T. The fact that this is a general property 
follows as a consequence of the next lemma. 
LEMMA. If 3’ f 4, then 2’ C TZ’. 
Proof. Suppose a E 9’ and let {a,}~~, be a sequence of distinct points 
from 9 such that lim,,, a, = a. Since TS? = 9, there exists a sequence 
{bn}~=i in 9 such that a,, = Tb, (rz = 1, 2,...). Then the elements of {bn}~el 
are distinct, and lim,,, Tb, = a. Let {bnk}& be a convergent subsequence, 
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and let b = lim,,, fnk. Then Tb = lim,,, Tb,,, , and hence, a = Tb. Since 
the bn, are distinct m 9, it follows that b E PEP’. Therefore, 2 C T9’, as 
desired. 
The following theorem offers, among other things, a condition which is 
sufficient for the equality 9’ = T9’. 
THEOREM 2. Suppose 9’ f 4. In the following list of statements, 
(i) * (ii) * (iii) 3 (iv): 
(i) The set T-la is finite for each a E 8; 
(ii) T9 = A?‘; 
(iii) Y - 8’ _C T(LZ’ - 9’); 
(iv) 9 - 9’ is empty 0~ infinite. 
Proof(i) * (ii). From the lemma, it need only be shown that TY’ C 9’. 
Suppose x E P’, and let {a,},“_l be a sequence of distinct points from 9 such 
that limn+m a, = X. Then limn+ia Ta,, = TX and, if V{Ta,,},“=, is infinite, 
the proof is finished. If V{Ta,),“=, is finite, then, for all n sufficiently large, 
Ta, = TX. But this implies that the set T-lTx is infinite, since 
a, E T-lTa, = T-lTx for all sufficiently large n. This contradicts (i), and 
the first of the chain of implications has been proven. 
(ii) 2 (iii). Under the hypothesis that TY = 9, one has that 
T-‘(3 - 2”) n 9 = 4. Since TL?’ = 2, it follows that (iii) holds. 
(iii) a (iv). If 9 - 9’ were nonempty and finite, then 
9 - 2” C T(Z - 2’) would imply that 2 - 9” = T(,Ep - Y), a con- 
tradiction to the conclusion of Theorem 1. Thus, dp - 2’ is either empty or 
infinite. 
A final condition, sufficient for the equality T9 = .Y, is provided by the 
next theorem. The proof follows immediately from the stated hypothesis and 
the fact that 2 C TY. 
THEoREhr 3. If L%?’ has at most a finite number of points which are not 
fixed points of T, then TY = 8’. 
5. CONCLUDING REMARKS 
There are several questions concerning 9 which, at present, remain 
unanswered. Does one always have 9 = T9’? As a further step in this 
direction one can ask: Does 0’ consist only of fixed points ? 
There are extensions, to components of 9, of several of the preceding 
theorems. For example, if 9 consists of a finite number of components 
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Y 1 ,.a*, dpn, then these components can be arranged cyclically under T 
as follows: 
However, these extensions will not be further indicated here. 
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